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Sedimentation of particulate slurries in industrial sedimentation ponds and laboratory-
based batch settling tests is difficult to describe analytically. Understanding long-time
settling behavior is of particular importance when extrapolating existing sedimentation
data to predict the final extent and how long it will take. A simple analytical equation has
been derived to describe the final stage of compression in batch settling. In addition,
numerical methods for determining the equation parameters have been proposed and
demonstrated. The validity of the analytical equation and the parameters determined has
been verified by comparison with finite element predictions. This new knowledge has the
potential to significantly reduce the computational time requirements of predicting long-
time batch settling behavior. © 2005 American Institute of Chemical Engineers AIChE J, 52:
986–993, 2006
Keywords: batch settling, sedimentation, consolidation, compressive yield stress, hin-
dered settling function, dewaterability characterization

Introduction

Sedimentation of particulate slurries in industrial sedimen-
tation ponds and laboratory based batch settling tests is indus-
trially important, but not well understood, especially at long
times. Industrial sedimentation ponds, with depths of 10 meters
or more, are routinely filled with particulate slurries and then
left to consolidate for years. In laboratory-based batch settling
tests, the nominal equilibrium sediment-liquid interface height
is often recorded at a predefined time, such as 1 or 24 hours,
without any clear knowledge of whether sedimentation has
actually ceased. In both cases, a predictive understanding of
long-time batch settling behavior would be useful.

Material properties that describe the suspension network

strength and resistance to flow of liquid through the network
structure dictate dewatering behavior. The gel point, �g, rep-
resents the solids concentration at which the suspension forms
a continuously networked structure. Given material properties,
such as the compressive yield stress, Py(�), and hindered
settling function, R(�), over the relevant range of solids con-
centrations, dewatering phenomena obey a partial differential
equation that describes the variation of the solids volume
fraction as a function of both space and time, �(z,t) (see Eq. 6).
Batch settling can be split into two general cases, where (i)
�(z,0) � �g and (ii) �(z,0) � �g.

For case (i), analytical solution of the PDE is achievable
when the solids concentration is less than the gel point, �g,
using an analytic transform.1,2 However, this method is only
valid for the prediction of h(t) until �(h(t),t) � �s ��g, where
�s is the limit of applicability for the transform. The equilib-
rium solids concentration distribution at infinite time, �(z,�),
can also be determined. For other times, only computationally
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intensive numerical algorithms are available, such as an up-
wind finite-difference scheme described by Bürger and
Karslen.3

For case (ii), the initial rate of sedimentation, h�(0), and
equilibrium solids concentration distribution, �(z,�), can be
analytically determined, but the transient behavior must be
computed numerically using an algorithm such as the Runge-
Kutta shooting method described by Howells and co-workers.4

The limitation of the numerical algorithms described is that
as the required accuracy increases, the required computation
time becomes prohibitive. It would be more useful to have a
closed functional form that adequately describes batch settling
at large times. Roberts5 demonstrated that the shape of the
compression curve for experimental data exhibits logarithmic
behavior, an assertion generally accepted by subsequent au-
thors.6,7 Piston-driven filtration behavior has been described
analytically by Landman and White,8 and an analogous deri-
vation for the final stage of batch settling is presented here.

Material Properties

As a prelude to introducing the mathematical theory, it is
important to have a general understanding of the material
properties that determine batch-settling behavior. The network
strength is quantified in terms of the compressive yield stress,
Py(�), which is, for a suspension at solids concentration �, the
maximum compressive stress that can be applied before irre-
versible yielding and dewatering to a higher solids concentra-
tion. Py(�) is zero for all solids concentrations below �g. The
rate at which a material can be dewatered is quantified in terms
of the hindered settling function, R(�), which represents the
resistance to flow through the suspension network structure and
is inversely related to the traditional Darcian permeability
kDarcy(�) according to the following equation9

kDarcy��� �
�

R���

1 � �

�
, (1)

where � is the liquid viscosity, as opposed to the slurry vis-
cosity.

Material property characterization

A detailed protocol for the quantification of the dewatering
parameters to be used as inputs to the dewatering model has
been established. The experimental techniques employed are
generic to the assessment of dewatering performance in a range
of industries. Techniques of relevance include batch-settling
tests10-12 for permeability analysis at low solids and for com-
pressibility analysis at solids near the gel point and stepwise
pressure filtration13,14 for permeability and compressibility
analysis at higher solids. Other techniques, including gravity
permeation12 and centrifugation,10 have also been developed.

Once obtained, the experimental data can be fitted with
curves such as those proposed by Landman and co-workers.15

The most commonly utilized functional forms are given by:

Py��� � k�� �

�g
� n

� 1� for � � �g, (2)

R��� � w�1 � ��m, (3)

where Py(�) � 0 for � � �g and k, n, w and m are empirical
fitting parameters. Unfortunately, these functional forms have
been found to be too rigid and thus unable to provide an
adequate fit to experimental data that span a wide range of
solids concentrations.12 Two alternatives shown to provide a
better fit are:

Py��� � �1 � ��g

� � pm�e� pa�pn�pb� for � � �g, (4)

R��� � ra�� � rg�
rn � rb, (5)

where Py(�) � 0 for � � �g and pa, pb, pm, pn, ra, rb, rg and
rn are empirical fitting parameters. Generic curves using Eqs. 4
and 5 with parameters representative of an industrial mineral
slurry are presented in Figures 1 and 2. Other potential alter-
natives include interpolation functions or composite functions
that split the curve into a number of domains, each with its own
parameter set.

Theory

A schematic of a batch-settling test is shown in Figure 3. The
apparatus includes a cylinder filled to height h0 with a floccu-
lated suspension of particles at an initial volume fraction �0

��g. The liquid-sediment interface height, h(t), decreases over
time as the suspension consolidates towards the base of the
cylinder. A bed, with solids concentration greater than the gel
point, builds up at the base of the cylinder until time, tc, when
the solids volume fraction at the sediment-liquid interface is
equal to the gel point, �(h(tc), tc) � �g. For times greater than
tc, the bed consolidates towards the equilibrium solids concen-
tration distribution, �(z,�).

The variation of solids volume fraction with height from the

Figure 1. Example of compressive yield stress, Py(�),
curve using the asymptote and exponential-
power law functional form given by Eq. 4 with
parameter values �g � 0.15, pa � 27, pb � 1,
pm � 20, and pn � 1.
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base of the sediment, z, and time, t, is denoted by �(z,t), with
settling described by the equation

��

�t
�

�

� z �D���
��

� z
� Used����� , (6)

where the downward sedimentation velocity

Used��� �
�	g�1 � ��2

R���
, (7)

with �	 being the difference in density between the solid and
fluid and g the gravitational acceleration. The hindered settling
function

R��� �



Vp
r���, (8)

where 
 is the Stokes settling coefficient, Vp is the particle
volume, and r(�) is the hindered settling factor that accounts
for the deviation from Stokes law as the solids volume fraction
increases (r(0) � 1). The volume fraction dependent solids
diffusivity

D��� � �dPy���

d� � �1 � ��2

R���
. (9)

In batch settling, the differential equation given by Eq. 6 is
subject to the boundary conditions

��

� z
�

z�0

� 	
Used����

D���
�

z�0

(10)

and

��z�h�t� � �g. (11)

At time t � � when the solids flux is zero everywhere, ��/�t
� 0, the equilibrium solids concentration distribution �( z, �)
� 
( z) and the governing equation, Eq. 6, simplifies to

0 � D�
�
d


dz
� Used�
�
. (12)

This is equivalent to

dPy�
� z��

dz
� 	�	g
�z�. (13)

The compressive stress at the base of the sediment is

Py���� � �	g�0h0 (14)

where

�� � ��0, ��. (15)

Equation 13 can be transformed to give

d
� z�

dz
� 	

�	g
�z�

P�y�
�z��
, (16)

which is integrated from the base boundary condition 
(0) �
�� to the top of the sedimented bed at point z* where 
( z*) �
�g to determine h� � h(�) � z*.

Scaling

Introducing a length scale L, to be determined, we write:

H�T� �
h�t�

L
, T �

t

� L

Used��g�
� , Z �

z

L
, (17)

then Eq. 6 becomes

Figure 3. Batch-settling test.

Figure 2. Example of hindered settling function, R(�),
curve using the functional form given by Eq. 5
with parameter values ra � 5 � 1012, rb � 0, rg

� �0.05, and rn � 5.
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��

�T
�

�

�Z � D���

LUsed��g�

��

�Z
�

Used���

Used��g�
�� . (18)

Choosing

L �
D��g�

Used��g�
, (19)

then

��

�T
�

�

�Z �����
��

�Z
� F����� , (20)

where

F��� �
Used���

Used��g�
(21)

and

���� �
D���

D��g�
. (22)

In this scaling, F(�g) � �(�g) � 1 and the boundary
conditions become:

��

�Z
�

Z�0

� 	
F���

����
��

Z�0

(23)

and

��H, T� � �g. (24)

Infinite time solution

At infinite time, the solids concentration distribution, �(Z,
T) 3 
(Z), can be determined as the solution of

d
�Z�

dZ
� 	

F�
�Z��

��
�Z��

�Z� (25)

subject to the constraint 
(0) � ��. Note that H� � Z* where

(Z*) � �g. For large time,

��Z, T� � 
�Z� � ���Z, T�. (26)

Substitution of Eq. 26 into Eq. 20 and neglecting second
order terms in ��(Z, T) gives

����Z, T�

�T
�

�

�Z ���Z�
����Z, T�

�Z

� G�Z����Z, T�� � · · · , (27)

where

��Z� � ��
�Z�� (28)

and

G�Z� � G�
�Z�� � ���
�Z��
d
�Z�

dZ

� F�
�Z�� � F��
�Z��
�Z�

� F�
�Z����F��
�Z��

F�
�Z��
�

���
�Z��

��
�Z�� �
�Z� � 1� (29)

Note that �(Z) is zero for Z � H� since 
(Z) � �g here,
but, as we will show, this region is not sampled.

Equation 23 leads to the boundary condition on �� such that

����Z, T�

�Z
�

Z�0

� �G�Z�

��Z�����Z, T��
Z�0

� 0 (30)

and Eq. 24 leads to

�g � 
�H�T�� � ���H�T�, T� � 
�H�� �
d


dZ
�

H�

�H�T�

� H�� � ���H�, T� �
���

�Z
�

H�

�H�T� � H�� � · · ·

which to leading order is

0 �
d
�Z�

dZ
�

H�

�H�T� � H�� � ���H�, T� � · · · (31)

where d
(Z)/dZ�H�
is replaced by 	�g from Eq. 25.

Solids conservation

A material balance over the entire sediment from Z � 0 to
Z � H(T) is given by

�0h0 � �
0

H�T�

�dZ � �
0

H�


�Z�dZ � �
H�

H�T�


�Z�dZ

� �
0

H�

���Z, T�dZ � �
H�

H�T�

���Z, T�dZ

which to leading order is

0 � �g�H�T� � H�� � �
0

H�

���Z, T�dZ � · · · (32)
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Large time solution

The separation of variables solution of Eq. 27 is given by

���Z, T� � �
n�1

�

��n�Z�e	
nT (33)

where

	
n��n�Z� �
d

dZ ���Z�
d��n�Z�

dZ
� G�Z���n�Z�� (34)

with the boundary conditions obtained as follows:
(i) Adding Eqs. 32 and 31 gives

0 � �
0

H�

���Z, T�dZ � ���H�, T�. (35)

Inserting Eq. 33 and equating coefficients of e	
nT produces
the relation

��n�H�� � �
0

H�

��n�Z�dZ � 0; n � 1, 2, 3, . . . . (36)

(ii) Inserting Eq. 33 into 30 and equating coefficients of
e	
nT produces the relation

�d��n�Z�

dZ
�

G�Z�

��Z�
��n�Z��

Z�0

� 0; n � 1, 2, 3, · · ·

(37)

Eigenvalue problem

Determination of 
n and ��n(Z) requires finding the solu-
tions of

	
���Z� �
d

dZ ���Z�
d���Z�

dZ
� G�Z����Z�� (38)

subject to

���H�� � �
0

H�

���Z�dZ � 0 (39)

and

�d���Z�

dZ
�

G�Z�

��Z�
���Z��

Z�0

� 0. (40)

The eigenvalues are ranked so that 
1 is smallest. Re-arrang-
ing Eq. 31, we obtain

H�T� � H� �
���H�, T�

�g
, (41)

which leads to

H�T� � H� �
¥n�1

� ��n�H��e	
nT

�g
. (42)

Thus

H�T� � H� �
��1�H��

�g
e	
1T �

��2�H��

�g
e	
2T � · · ·

(43)

Given the large expected difference between 
1 and 
2, Eq.
43 can be truncated to its first term without discernable loss of
accuracy to give

H�T� � H� �
��1�H��

�g
e	
1T. (44)

In the absence of a suitable initial condition on ��(Z, T),
��1(H�) is only determined to within a multiplicative con-
stant. We can write in the unscaled form

h�t� � h� � exp�A �
Used��g�

L

1t�, (45)

where A is an undefined constant. Given that this analysis is
expected to be valid from the critical time, tc, when �(h(tc), tc)
� �g, if this critical time and the corresponding height, (tc,
h(tc)), are known, then A can be determined from

Figure 4. Predicted equilibrium solids volume fraction
distribution for batch-settling test with initial
height of 1 m and an initial solids volume frac-
tion of 0.1.
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A � ln�h�tc� � h�� �
Used��g�

L

1tc. (46)

Numerical solution

Numerical solution involves first picking a value of 
 and
then finding two linearly independent solutions of Eq. 38:
��(1)(Z) and ��(2)(Z), such that

	���1��0� � 0
�

�Z
���1��0� � 1

and 	���2��0� � 1
�

�Z
���2��0� � 0

.

The general solution is

���Z� � C�1����1��Z� � C�2����2��Z� (47)

with C(1) and C(2) chosen to satisfy the boundary conditions in
Eqs. 39 and 40.

Substituting Eq. 47 into 40 leads to

C�1� � C�2��G�0�

��0�� � 0. (48)

Substituting Eq. 47 into 39 leads to

C�1����(1)(H�) � �
0

H�

��(1)(Z)dZ�
� C�2����(2)(H�) � �

0

H�

��(2)(Z)dZ� � 0, (49)

Thus we have



1 �G�0�

��0��
���(1)(H�) � �

0

H�

��(1)(Z)dZ� ���(2)(H�) � �
0

H�

��(2)(Z)dZ�� �C�1�

C�2�� � �0
0� . (50)

Figure 5. Predicted equilibrium function distributions
�(�(Z)) and F(�(Z)) for a batch-settling test
with initial height of 1 m and an initial solids
volume fraction of 0.1.

Figure 6. Predicted determinant �(�) for a batch-settling
test with initial height of 1 m and an initial
solids volume fraction of 0.1.
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The determinant of the coefficient matrix,

��
� � ���(2)(H�) � �
0

H�

��(2)(Z)dZ�
� �G�0�

��0�����(1)(H�) � �
0

H�

��(1)(Z)dZ� . (51)

For a non-trivial solution, we require that �(
) � 0.

Example
Eigenvalue determination

Using the functional forms described in Figures 1 and 2, the
function �(
) was determined for a batch-settling test with an
initial height of 1 m and an initial solids volume fraction of 0.1. An
assumed solids density 	sol � 3200 kg m	3 and a liquid density
	liq � 1000 kg m	3 give a solid-liquid density difference �	 �
2200 kg m	3. From Eq. 19, L was determined to be 0.96488. The
scaled equilibrium solids concentration distribution, 
(Z), shown
in Figure 4, was determined using Eq. 25, and the scaled final
height, Hf, was determined to be 0.49452. The scaled diffusivity
function, �(�) � D(�)/D(�g) from Eq. 22, was determined for the
equilibrium solids concentration distribution, 
(Z), to produce
�(
(Z)), as shown in Figure 5. The scaled sedimentation velocity

function, F(�) � Used(�)/Used(�g) from Eq. 21, was also deter-
mined for the equilibrium solids concentration distribution, 
(Z),
to produce F(
(Z)), as shown in Figure 5. The equilibrium func-
tion G(
(Z)) was determined from Eq. 29 using 
(Z), �(
(Z)),
and F(
(Z)) as inputs. The determinant �(
), shown in Figure 6,
was calculated from 
 � 0 to 25,000 and is bounded by the range
(	1,1) for all 
 � 10. The eigenvalues, 
n, where �(
n) � 0,
were determined for n � 1 to 47 (with 
1 � 6.6270, 
2 �
29.8692, etc.), as shown in Figure 7. The functional behavior of

n, though not analytically defined, is related to (n 	 1/2)2 as n
becomes large, as demonstrated by the plot of 
n/(n 	 1/2)2

versus n in Figure 8. Knowledge of this relationship can be useful
when searching for eigenvalues. Since the second and subsequent
eigenvalues, (
2, 
3 . . .), are all much larger than 
1, only the first
term of the infinite series in Eq. 43 is anticipated to be significant

Figure 7. Predicted eigenvalues, �n, for a batch-settling
test with initial height of 1 m and an initial
solids volume fraction of 0.1.

Figure 8. Predicted values of �n/(n � 1/2)2 for a batch-
settling test with initial height of 1 m and an
initial solids volume fraction of 0.1.

Figure 9. Predicted values of �1 for batch-settling tests
with a variable initial height and an initial solids
volume fraction of 0.1.

Figure 10. Plot of numerical finite-difference predictions
of the sediment-interface height, h(t), and the
gel point height, zg(t), for batch-settling tests
with an initial height of 1 m and an initial
solids volume fraction of 0.1.
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at large times, justifying the series truncation in Eq. 44. The
variability of 
1 with the initial suspension height, h0, shown in
Figure 9, is loosely proportional to h0

	2. This correlation is not
strong enough for accurate extrapolation, but this loose relation-
ship can be used to produce an initial guess for 
1 when h0 is
varied.

Sediment-interface height prediction

A numerical prediction of h(t) for the case of an initial height
of 1 m and an initial solids volume fraction of 0.1 has been
determined using an explicit finite difference algorithm similar
to those described by Bürger and Karlsen.3 The computation
utilized a resolution of 1000 height elements and 24 incremen-
tal time steps per second, requiring over 54 hours of compu-
tation time using a 3GHz Pentium 4™ processor. Predictions of
the sediment-interface height, h(t), and the gel point height,
zg(t), are shown in Figure 10, along with the highlighted critical
point (tc, h(tc)) � (10500, 0.591). Using this critical point to
determine A � 	1.4708, Eq. 45 becomes

h�t� � 0.4772 � exp�	1.4708 � 6.6866 � 10	5t� : t � tc.

(52)

A focused plot of the finite element prediction compared
with the analytical approximation in Eq. 52 is plotted in Figure
11, demonstrating an excellent correlation.

The numerical analysis presented here demonstrates the po-
tential to accurately predict h(t) for long time without the
exhaustive level of computation required in numerical algo-

rithms that are discretized in time. A new more computation-
ally efficient methodology for the prediction of h(t) for all time
would involve two parts:

(i) For 0 � t � tc, a numerical prediction of h(t) until zg�(t) �
0 at the critical time tc using a finite element or Runge-Kutta
method that is discretized in time.

(ii) For t � tc, a numerical determination of 
1 as the lowest
positive solution 
 to the equation �(
) � 0 (see Eq. 51), used
with (tc, h(tc)) in Eq. 46 to determine A. The behavior of h(t) is
then described by Eq. 45.

Conclusions

A simple analytical approximation has been derived to de-
scribe long-time batch-settling behavior along with a numerical
method for determining the equation parameters. The analyti-
cal approximation has been shown to compare favorably with
finite element predictions. This new knowledge has the poten-
tial to significantly reduce the computational time requirements
of predicting long-time batch-settling behavior.
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